11.7: 4, 8, 10, 46, 48

4. In the figure, points at approximately {—1, 1} and (—1, —1) are enclosed by oval-shaped level curves which indicate that as we
move away from either point in any direction, the values of [ are increasing. Henee we would expect local minima at or near
{—1,£1). Similarly, the point (1, () appears to be enclosed by oval-shaped level curves which indicate that as we move away
from the point in any direction the values of f are decreasing, so we should have a local maximum there. We also show
hyperbola-shaped level curves near the points (—1,0), (1, 1), and {1, —1). The values of f increase along some paths leaving
these points and decrease in others, so we should have 2 saddle point at each of these points.

To confirm our predictions, we have f{z y) = 3z — £ — .3”2 + yd = [z, y)=3- 3;1:2, fulz w) = —du+ 4;e,r”.

Setting these partial derivatives equalto 0, wehave 3 — 32° =0 = r=Zland —dy+ 45 =0 =
;-:,r(:,.'2 — J.] =0 = y=0 %1 Soourcritical points are (£1,0), (=1, £1). The second partial derivatives
are feo(z.y) = =6z, fop(z.y) = 0, and fyu(zy) = 120 — 4, 50
Dz, y) = fez{z,y) fyulz, v} — [foulz, ,r,r]l|2 = (—ﬁ.r'}l{LQ;ﬁ;z —4) — ([lj2 = —T2ry* + 24w, We use the Second Derivatives

Test to classity the 6 critical points:

Critical Point D frr Conclusion
{1,0) 24 6| D=0, fzz =<0 = fhasalocal maximum at {1,0)
(1,1) —48 D <0 = f hasa saddle point at (1, 1)
(1,-1) —48 D <0 = [ hasa saddle pointat (1, —1)
(—1,0) -4 D <0 = [ has a saddle point at {(—1,0)
(—1,1) 48 61 D=0 fr>0 = fhasalocal minimumat{—1, 1)
(—1,—1) 8| 6| D>0/.50 = Jhasalocal minimumat (-1, —1)
B flzu)=r« dp-sf-y® L p _ _gpetw-aoy?

fo = (4= 2)ev=" = p (427 — et

fry = —2a(d— 2y)e™=" 0" [ = (dy? — 16y + 14)etv " %"
Then f. = 0and f, = 0 implies r = 0 and y = 2, sothe only eritical
point is (1, 2). (0, 2) = (—2e*)(—2¢*) —0* = 46® = Oand

Feal0,2) = =26 < 0,50 10, 2] = ' is a local maximum.

0. flzy)=2e" 4oy + 825+ 4P = fo =627+ 5% + 100,
o= 2oy 4+ Qy, foz =120+ 10, fo = 20 + 2, oy = 2y Then
fy = Uimplies y =0 or z = —1. Substituting into [, = 0 gives the

eritical points (0.0}, (—=,0), (=L, +2). Now [}{0,0) = 20 > Oand
Foa(0.0) = 10 = 0, so f{0,00) = 015 a local minimurm. Also

_,f',_,.(—%.[]] < M, D —;—'1_{]) = (0, and D{—1,+2) < 0. Hence

F(—£.0) = 222 is a local maximum while (—1, £2) are saddle points.



46. Let o be the length of the north and south walls, 4 the length of the east and west walls, and =z the height of the building. The
heat loss is given by i = 10(2yz) + 8(2ez) + Ley) + 6(zy) = Goy + 162z + 20mz. The volume is 4000 m®, so
ayz = 4000, and we substitute =z = %;" to obtain the heat loss function iz, ) = Gy + 80,000/ + 64,000, y.
(a) Since z = % =4,y <1000 = gy < 1000/z Alsox > 30 and
\ fpo.55)

e

x

(5550}
) BTN

(b) h(x.y) = 6xy + 80,0001 + 64,000y~" = h, = 6y — 80,0000 2, h, = 6z — 64,000y 2.

y = 30, s0 the domain of his D = {{x, g} | = = 30,30 < y < 1000/},
L iz

. 80,000 62 y?
Ry = 0 implies b:zr‘iy = 80,000 = 6 and substituting into fiy = 0 gives 6z = 64,000 (8(1,0[[1)
= J‘."éﬂ:u — 5':":'?:"3, soxr = | 'r:":':gm =10 % = 1y = %, and the only critical point of & is
(m afse M_) ~= (25.54, 20.43) which is not in D.

Next we check the boundary of £, On Ly y = 30, k(x, 307 = 180z + 80,000/ x + 6400/3, 30 < » = %. Since

R (z,30) = 180 — 80,000/x* = 0 for 30 < = < 28 h(x. 30) is an increasing function with

minimum k{30, 30} = 10,200 and maximum h(lgu '-'50) 2= 10,633, On Ly y = 1000/,

h(x, 1000/x) = 6000 + 64z + 80,000/, 30 < = < 122 Since h'(xr, 1000/z) = 64 — 80,000/z* < 0 for

T %, fifw, 1000/ ) is a decreasing function with minimuim i‘i(%, 30} = 103,533 and maximum
h(EU: l;u] 22 1OEST. On La: o = 30, h{30, y) = 180y + 64,000/ + 8000/3, 30 < %

K'(30,y) = 180 — 64,000/y" = 0 for 30 < y < 222 so0 h(30,y) is an increasing function of » with minimum

h(30,30) = 10,200 and maximum k{30, <)

i

10,587, Thus the absolute minimum of k& is £(30, 30) = 10,200, and

the dimensions of the building that minimize heat loss are walls 30 m in length and height %n!q 2= 444 m.

48. Since p+ g + v = 1 we can substitute p = 1 — v — g into 1 giving
P=Plgri=2(1-r—qlg+2(1 —r — g)r + 2rqg = 2 — 2¢° + 2r — 2r® — 2rq. Since p. g and r represent proportions
andp+g+r=1,weknowqg = 0,r >0, and g + v < L Thus, we want to find the absolute maximum of the continuous
function (g, ) on the closed set D enclosed by the lines 3 = 0,7 = 0, and g ++ = 1. To find any critical points, we set the
partial derivatives equal to zero: FPylg.v) =2 —dg — 2r = 0 and P,.(g,r) = 2 — 4r — 2q = 0. The first equation gives
= 1 — 2q, and substituting into the second equation we kFave 2 — 4{1 —2g) — 24 =0 = g= % Then we have one
critical point, | :I where J’[ %ﬁ = % Next we find the maximum values of 2 on the boundary of 1 which consists of
three line segments. For the segment given by r = 0,0 < ¢ < 1, P{g.7) = P{g.0) = 29 — 29, 0 < 7 < 1. This represents
a parabola with maximum value P{ﬁ: D] = %. On the segment g = 0,0 < v < 1 we have P{0,r) = 2r — 2?‘2, 0=<y=<1.
This represents a parabola with maximum value P{D: 2} = . Finally, on the segment g +r = 1,0 < q < 1,
Plg.r) = Plg,1 — q) = 29 — 2¢°.0 < g < 1 which has a maximum value of .PI:%, %]I = %. Comparing these values with

2

the value of £ at the critical point, we see that the absolute maximum value of Pig,r) on D is 3.



